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Introduction
A celebrated theorem of Connes ([Co2] ) shows that all amenable II 1 factors are isomorphic to the approximately finite dimensional (AFD) II 1 factor R of Murray and von Neumann ([MvN] ). In particular, all II 1 group factors L(Γ) associated with ICC (infinite conjugacy class) amenable groups Γ, and all group measure space II 1 factors L ∞ (X)⋊Γ arising from free ergodic measure preserving actions of countable amenable groups Γ on a probability space Γ X, are isomorphic to R. Moreover, by [CFW] , any decomposition of R as a group measure space algebra is unique, i.e. if R = L ∞ (X i ) ⋊ Γ i , for some free ergodic measure preserving actions Γ i X i , i = 1, 2, then there exists an automorphism of R taking L ∞ (X 1 ) onto L ∞ (X 2 ). In fact, any two Cartan subalgebras of R are conjugate by an automorphism of R.
Recall in this respect that a Cartan subalgebra A in a II 1 factor M is a maximal abelian * -subalgebra A ⊂ M with normalizer N M (A) = {u ∈ U(A) | uAu * = A} generating M ( [Di] , [FM] ). Its presence amounts to realizing M as a generalized (twisted) version of the group measure space construction, for an action Γ X and a 2-cocycle, with A = L ∞ (X). Decomposing factors this way is important, especially if one can show uniqueness of their Cartan subalgebras, because then the classification of the factors reduces to the classification of the corresponding actions Γ X up to orbit equivalence ( [FM] ). But beyond the amenable case, very little is known about uniqueness, or possible non-existence, of Cartan subalgebras in group factors, or other factors that are a priori constructed in different ways than as group measure space algebras.
We investigate in this paper Cartan decomposition properties for a class of non-amenable II 1 factors that are in some sense "closest to being amenable". Thus, we consider factors M satisfying the complete metric approximation property (c.m.a.p.) of Haagerup ([Ha1] ), which requires existence of normal, finite rank, completely bounded (cb) maps φ n : M → M, such that φ n cb ≤ 1 and lim φ n (x)−x 2 = 0, ∀x ∈ M, where · 2 denotes the Hilbert norm given by the trace of M (note that if φ n could be taken unital, M would follow amenable). This is same as saying that the Cowling-Haagerup constant Λ cb (M) equals 1 (see [CH] ). The prototype non-amenable c.m.a.p. factors are the free group factors L(F r ), 2 ≤ r ≤ ∞ ( [Ha1] ). Like amenability, the c.m.a.p. passes to subfactors and is well behaved to inductive limits and tensor products.
We in fact restrict our attention to c.m.a.p. factors of the form M = Q ⋊ F r , and to subfactors N of such M. Our aim is to locate all (or prove possible absence of) diffuse AFD subalgebras P ⊂ N whose normalizer N N (P ) generates N. Our general result along these lines shows:
Theorem. Let F r Q be an action of a free group on a finite von Neumann algebra. Assume M = Q ⋊ F r has the complete metric approximation property. If P ⊂ M is a diffuse amenable subalgebra and N denotes the von Neumann algebra generated by its normalizer N M (P ), then either N is amenable relative to Q inside M, or P can be embedded into Q inside M.
The amenability property of a von Neumann subalgebra N ⊂ M relative to another von Neumann subalgebra Q ⊂ M is rather self-explanatory: it requires existence of a norm one projection from the basic construction algebra of the inclusion Q ⊂ M onto N (see Definition 2.2). The "embeddability of a subalgebra P ⊂ M into another subalgebra Q ⊂ M inside an ambient factor M" is in the sense of [Po4] (see Definition 2.6 below), and roughly means that P can be conjugated into Q via a unitary element of M.
We mention three applications of the Theorem, each corresponding to a particular choice of F r Q and solving well known problems. Thus, taking Q = C, we get: Corollary 1. The normalizer of any diffuse amenable subalgebra P of a free group factor L(F r ) generates an amenable (thus AFD by [Co2] ) von Neumann algebra.
If we take Q to be an arbitrary finite factor with Λ cb (Q) = 1 and let F r act trivially on it, then M = Q⊗ L(F r ), Λ cb (M) = 1 and the Theorem implies:
Corollary 2. If Q is a II 1 factor with the complete metric approximation property then Q⊗ L(F r ) does not have Cartan subalgebras. Moreover, if N ⊂ Q⊗ L(F r ) is a subfactor of finite index [Jo] , then N does not have Cartan subalgebras either.
This shows in particular that any factor of the form L(F r )⊗ R, L(F r 1 )⊗ L(F r 2 )⊗ · · · , and more generally any subfactor of finite index of such a factor, has no Cartan decomposition. Besides Q = R, L(F r ), other examples of factors with Λ cb (Q) = 1 are the group factors L(Γ) corresponding to ICC discrete subgroups Γ of SO(1, n) and SU(1, n) ( [dCH, CH] ), as well as any subfactor of a tensor product of such factors. None of the factors covered by Corollary 2 were known until now not to have Cartan decomposition.
Finally, if we take F r X to be a profinite measure preserving action on a probability measure space (X, µ), i.e. an action with the property that L ∞ (X) is a limit of an increasing sequence of F r -invariant finite dimensional subalgebras Q n of L ∞ (X), then M = L ∞ (X) ⋊ F r is an increasing limit of the algebras Q n ⋊ F r , each one of which is an amplification of L(F r ). Since c.m.a.p. behaves well to amplifications and inductive limits, it follows that M has c.m.a.p., so by applying the Theorem and (A.1 in [Po3] ) we get:
X is a free ergodic measure preserving profinite action, then L ∞ (X) is the unique Cartan subalgebra of the II 1 -factor L ∞ (X) ⋊ F r , up to unitary conjugacy.
The above corollary produces the first examples of non-amenable II 1 factors with all Cartan subalgebras unitary conjugate. Indeed, the "unique Cartan decomposition" results in [Po3, Po4, IPP] only showed conjugacy of Cartan subalgebras satisfying certain properties. This was still enough for differentiating factors of the form L ∞ (T 2 )⋊F r and calculating their fundamental group in [Po3] , by using [Ga] . Similarly here, when combined with Gaboriau's results, Corollary 3 shows that any factor L ∞ (X) ⋊ F r , 2 ≤ r < ∞, arising from a free ergodic profinite action F r X, has trivial fundamental group. Also, if F s X is another such action, with r < s ≤ ∞, then L ∞ (X) ⋊ F r ≃ L ∞ (Y ) ⋊ F s . It can be shown that the factors considered in [Po3, Po4, IPP] cannot even be embedded into the factors arising from profinite actions of free groups. Note that the uniqueness of the Cartan subalgebras of the AFD factor R is up to conjugacy by automorphisms ( [CFW] ), but not up to unitary conjugacy, i.e. up to conjugacy by inner automorphisms. Indeed, by [FM] there exist uncountably many non-unitary conjugate Cartan subalgebras in R. Finally, note that Connes and Jones constructed examples of II 1 factors M with two Cartan subalgebras that are not conjugate by automorphisms of M ( [CJ] ).
Corollary 1 strengthens two well known in-decomposability properties of free group factors: Voiculescu's result in [Vo] , showing that L(F r ) has no Cartan subalgebras, which in fact exhibited the first examples of factors with no Cartan decomposition; and the first named author's result in [Oz2] , showing that the commutant in L(F r ) of any diffuse subalgebra must be amenable (L(F r ) are solid), which itself strengthened the in-decomposability of L(F r ) into tensor product of II 1 factors (primeness of free group factors) in [Ge] .
One should point out that Connes already constructed in [Co1] a factor N that does not admit a "classic" group measure space decomposition L ∞ (X) ⋊ Γ. His factor N is defined as the fixed point algebra of an appropriate finite group of automorphisms of M = R⊗ L(F r ). But it was left open whether N cannot be obtained as a generalized group measure space factor either, i.e. whether it does not have Cartan decomposition. Corollary 2 shows that indeed it doesn't.
The proof of the Theorem follows a "deformation/rigidity" strategy, being inspired by arguments in [Po5] and [Po3] . The proof is in two parts:
First we show that if a factor M has the complete metric approximation property then given any AFD subalgebra P ⊂ M the action (by conjugation) of the normalizer N M (P ) on it satisfies a certain weak compactness property. This essentially means L 2 (P ) is a limit of finite dimensional subspaces that are almost invariant to both the left multiplication by elements in P and to the Ad N M (P ) action, in the Hilbert-Schmidt norm (see Theorem 3.5). Note that this implies wreath product factors M = B Γ ⋊Γ, with Γ non-amenable and B = C, can never have the complete metric approximation property. In particular Λ cb (Λ ≀ Γ) > 1, ∀Λ = 1, a fact that was open until now.
For the second part, assume for simplicity
to be Følner-type elements as given by the first part of the proof and α t the "malleable deformation" of L(F r ) * L(F r ) in [Po2, Po5] , it follows that for t small the elements
are still "almost invariant," in the above sense. This is used to prove that L 2 (N) is weakly contained in a multiple of the coarse
showing N is AFD by the characterizations of amenability in [Co2] . This argument is the subject of Theorem 4.1 in the text.
We recall in Section 2 of the paper a number of known results needed in the proofs, for the reader's convenience. This includes a discussion of relative amenability (2.2), intertwining lemmas for subalgebras (2.3) and several facts on the complete metric approximation property (2.4). We mention that in the last Section of the paper we prove that for each 2 ≤ r ≤ ∞ there exist uncountably many non orbit equivalent profinite actions F r X, which by Corollary 3 provide uncountably many non-isomorphic factors L ∞ (X) ⋊ F r as well (see 5.5).
2. Preliminaries 2.1. Finite von Neumann algebras. We fix conventions for (semi-)finite von Neumann algebras, but before that we note that the symbol "Lim" will be used for a state on ℓ ∞ (N), or more generally on ℓ ∞ (I) with I directed, which extends the ordinary limit, and that the abbreviation "u.c.p." stands for "unital completely positive." We say a map is normal if it is ultraweakly continuous. Whenever a finite von Neumann algebra M is being considered, it comes equipped with a distinguished faithful normal tracial state, denoted by τ . Any group action on a finite von Neumann algebra is assumed to preserve the tracial state τ . If M = L(Γ) is a group von Neumann algebra, then the tracial state τ is given by τ (x) = xδ 1 , δ 1 for x ∈ L(Γ). Any von Neumann subalgebra P ⊂ M is assumed to contain the unit of M and inherits the tracial state τ from M. The unique τ -preserving conditional expectation from M onto P is denoted by E P . We denote by Z(M) the center of M; by U(M) the group of unitary elements in M; and by N M (P ) = {u ∈ U(M) : (Ad u)(P ) = P } the normalizing group of P in M, where (Ad u)(x) = uxu * . A maximal abelian von Neumann subalgebra A ⊂ M satisfying N M (A) ′′ = M is called a Cartan subalgebra. We note that if Γ X is an ergodic essentially-free probabilitymeasure-preserving action, then A = L ∞ (X) is a Cartan subalgebra in the crossed product L ∞ (X) ⋊ Γ. (See [FM] .) We refer the reader to the section IX.2 of [Ta] for the details of the following facts on noncommutative L p -spaces. Let N be a semi-finite von Neumann algebra with a faithful normal semi-finite trace Tr. For 1 ≤ p < ∞, we define the
The trace Tr extends to a contractive linear functional on L 1 (N ). We occasionally write x for x ∈ N when viewed as an element in L 2 (N ). For any 1 ≤ p, q, r ≤ ∞ with 1/p + 1/q = 1/r, there is a natural product map
which satisfies xy r ≤ x p y q for any x and y. The Banach space L 1 (N ) is identified with the predual of N under the duality
is identified with the GNS-Hilbert space of (N , Tr). Elements in L p (N ) can be regarded as closed operators on L 2 (N ) which are affiliated with N and hence in addition to the above-mentioned product, there are well-defined notion of positivity, square root, etc. We will use many times the generalized Powers-Størmer inequality (Theorem XI.1.2 in [Ta] ):
N ) and x, y ∈ N . We recall that this gives the canonical identification between the commutant N ′ of N in B(L 2 (N )) and the opposite von Neumann algebra N op = {x op : x ∈ N } of N . Moreover, the opposite von Neumann algebra N op is * -isomorphic to the complex conjugate von Neumann algebraN = {x : x ∈ N } of N under the * -isomorphism x op →x * . Whenever N 0 ⊂ N is a von Neumann subalgebra such that the restriction of Tr to N 0 is still semi-finite, we identify L p (N 0 ) with the corresponding subspace of L p (N ). Anticipating a later use, we consider the tensor product von Neumann algebra (N⊗M, Tr ⊗τ ) of a semi-finite von Neumann algebra (N , Tr) and a finite von Neumann algebra (M, τ ). Then, N ∼ = N⊗ C1 ⊂ N⊗ M and the restriction of Tr ⊗τ to N is Tr. Moreover, the conditional expectation id ⊗ τ :
. Let Q ⊂ M be finite von Neumann algebras. Then, the conditional expectation E Q can be viewed as the orthogonal projection
It satisfies e Q xe Q = E Q (x)e Q for every x ∈ M. The basic construction M, e Q is the von Neumann subalgebra of B(L 2 (M)) generated by M and e Q . We note that M, e Q coincides with the commutant of the right
. The linear span of {xe Q y : x, y ∈ M} is an ultraweakly dense * -subalgebra in M, e Q and the basic construction M, e Q comes together with the faithful normal semi-finite trace Tr such that Tr(xe Q y) = τ (xy). See Section 1.3 in [Po3] for more information on the basic construction.
2.2. Relative amenability. We adapt here Connes's characterization of amenable von Neumann algebras to the relative situation. Recall that for von Neumann algebras N ⊂ N , a state ϕ on N is said to be N-central if ϕ • Ad(u) = ϕ for any u ∈ U(N), or equivalently if ϕ(ax) = ϕ(xa) for all a ∈ N and x ∈ N . Theorem 2.1. Let Q, N ⊂ M be finite von Neumann algebras. Then, the following are equivalent.
Definition 2.2. Let Q, N ⊂ M be finite von Neumann algebras. We say N is amenable relative to Q inside M, denoted by N ⋖ M Q, if any of the conditions in Theorem 2.1 holds. We say Q is co-amenable in
Proof of Theorem 2.1. The proof follows a standard recipe of the theory (cf. [Co2, Ha2, Po1] ). The implication (1) ⇒ (2) is obvious. To prove the converse, assume the condition (2). Then, there exists
We consider the directed set I of finite subsets of U(N ′ ∩ M). For each element i = {u 1 , . . . , u n } ∈ I and m ∈ N, we define
where s( · ) means the support projection and z is the central support projection
, one has z = 1. Hence, the state ψ = Lim i Lim m ψ i,m on M, e Q is N-central and satisfies ψ| M = τ . This proves (1).
We prove (1) ⇒ (4): Let a N-central state ϕ on M, e Q be given such that ϕ| M = τ . Take a net (ζ n ) of positive norm-one elements in L 1 M, e Q such that Tr(ζ n · ) converges to ϕ pointwise. Then, for every x ∈ M, e Q and u ∈ U(N), one has lim
by assumption. It follows that for every u ∈ U(N), the net ζ n − Ad(u)(ζ n ) in L 1 M, e Q converges to zero in the weak-topology. By the Hahn-Banach separation theorem, one may assume, by passing to convex combinations, that it converges to zero in norm. Thus, [u, ζ n ] 1 → 0 for every u ∈ U(N). By (2.1), if we define
We prove (4) ⇒ (3): Since
for every b, c ∈ N and y, z ∈ M, e Q , one has |ϕ(ax)| ≤ a 1 x for every a ∈ N and x ∈ M, e Q . Hence, for every x ∈ M, e Q , we may define
Let N 0 ⊂ M be a von Neumann subalgebra whose unit e does not coincide with the unit of M. We say N 0 is amenable relative to Q inside M, denoted by
We observe that N 0 ⋖ M Q if and only if there exists an N 0 -central state ϕ on e M, e Q e such that ϕ(exe) = τ (exe)/τ (e) for x ∈ M. Corollary 2.3. Let Q 1 , . . . , Q k , N ⊂ M be finite von Neumann algebras and
(2) lim inf pξ n 2 > 0; and
Then, there exist projections
Proof. We observe that if there exists an increasing net (e i ) i of projections in
Hence, by Zorn's lemma, there is a maximal k-tuple (p 1 , . . . , p k ) of projections in Z(N ′ ∩M) such that j p j ≤ 1 and Np j ⋖ M Q j for every j. We prove that j p j = 1. Suppose by contradiction that p = 1 − j p j = 0, and take a net (ξ n ) as in the statement of the corollary. We may assume that all ξ n 's are in a multiple of L 2 M, e Q j for some fixed j ∈ {1, . . . , k}. We define a state ψ on M, e Q j by
2 xpξ n , pξ n for x ∈ M, e Q j . It is not hard to see that ψ(p) = 1, ψ • Ad(u) = ψ for every u ∈ G and ψ(x * x) ≤ (lim inf pξ n ) −2 xp 2 2 for every x ∈ M. It follows that ψ| M is normal and ψ is N-central. Let q be the minimal projection in Z(N ′ ∩ M) such that ψ(q) = 1. We finish the proof by showing Nr ⋖ M Q j for r = p j + q (which gives the desired contradiction to maximality). Since
We fix a state extensionτ of τ on M, e Q j and define a stateφ on M, e Q j byφ
Compare the following result with [Po1] and [AD] .
Proposition 2.4. Let P, Q, N ⊂ M be finite von Neumann algebras. Then, the following are true.
Proof. Denote by λ g the unitary element in M which implements the action of g ∈ Γ. Since e Q λ(g)e Q = 0 for g ∈ Γ \ {1}, the projections {λ g e Q λ * g : g ∈ Γ} are mutually orthogonal and generate an isomorphic copy of ℓ ∞ (Γ) in M, e Q . Hence, if there exists an L(Γ)-central state on M, e Q , then its restriction to ℓ ∞ (Γ) becomes a Γ-invariant mean. This proves the "only if" part of the assertion (1). The "if" part is trivial. The assertion (2) easily follows from the fact that M, e Q is injective if (and only if) Q is AFD ( [Co2] ).
Let us finally prove (3). Fix a conditional expectation Φ from M, e Q onto P such that
and likewise for η. It follows that ϕ η,ξ is defined for ξ, η ∈ L 2 M, e P in such a way that ϕ η,ξ ≤ η 2 ξ 2 . Now take a net of unit vectors (ξ n ) in L 2 M, e P satisfying the condition 4 in Theorem 2.1, and let ϕ = Lim ϕ ξn,ξn be the state on M, e Q . Then, one has
for all x ∈ M. This proves that N ⋖ M Q.
2.3.
Intertwining subalgebras inside II 1 factors. We extract from [Po3, Po4] some results which are needed later. The following are Theorem A.1 in [Po3] and its corollary (also, a particular case of 2.1 in [Po4] ).
Theorem 2.5. Let N be a finite von Neumann algebra and P, Q ⊂ N be von Neumann subalgebras. Then, the following are equivalent.
(1) There exists a non-zero projection e ∈ N, e Q with Tr(e) < ∞ such that the ultraweakly closed convex hull of {w * ew : w ∈ U(P )} does not contain 0.
(2) There exist non-zero projections p ∈ P and q ∈ Q, a normal * -homomorphism θ : pP p → qQq and a non-zero partial isometry v ∈ N such that
Definition 2.6. Let P, Q ⊂ N be finite von Neumann algebras. Following [Po4] , we say that P embeds into Q inside N, and write P N Q, if any of the conditions in Theorem 2.5 holds.
Let φ be a τ -preserving u.c.p. map on N. Then, φ extends to a contraction
Suppose that φ| Q = id Q . Then, φ automatically satisfies φ(axb) = aφ(x)b for any a, b ∈ Q and x ∈ N. It follows that T φ ∈ B(L 2 (N)) commutes with the right action of Q, i.e., T φ ∈ N, e Q . We say φ is compact over Q if T φ belongs to the "compact ideal" of N, e Q (see Section 1.3.2 in [Po3] ). If φ is compact over Q, then for any ε > 0, the spectral projection e = χ [ε,1] (T * φ T φ ) ∈ N, e Q has finite Tr(e) and
2 − ε for all w ∈ U(P ). These observations imply the following corollary [Po3] .
Corollary 2.7. Let P, Q ⊂ N be finite von Neumann algebras. Suppose that φ is a τ -preserving u.c.p. map on N such that φ| Q = id Q and φ is compact over
Finally, recall that A.1 in [Po3] shows the following:
Lemma 2.8. Let A and B be maximal abelian * -subalgebras of a type
2.4. The complete metric approximation property. Let Γ be a discrete group. For a function f on Γ, we write m f for the multiplier on
We simply write f cb for m f cb and call it the Herz-Schur norm. If f cb is finite and f (1) = 1, then m f extends to a τ -preserving normal unital map on L(Γ). We refer the reader to sections 5 and 6 in [Pi] for an account of Herz-Schur multipliers.
Definition 2.9. A discrete group Γ is weakly amenable if there exist a constant C ≥ 1 and a net (f n ) of finitely supported functions on Γ such that lim sup f n cb ≤ C and f n → 1 pointwise. The Cowling-Haagerup constant Λ cb (Γ) of Γ is defined as the infimum of the constant C for which a net (f n ) as above exists. We say a von Neumann algebra M has the (weak * ) completely bounded approximation property if there exist a constant C ≥ 1 and a net (φ n ) of normal finite-rank maps on M such that lim sup φ n cb ≤ C and x − φ n (x) 2 → 0 for every x ∈ M. The Cowling-Haagerup constant Λ cb (M) of M is defined as the infimum of the constant C for which a net (φ n ) as above exists. Also, we say that M has the (weak
By routine perturbation arguments, one may arrange φ n 's in the above definition to be unital and trace-preserving when M is finite. We are interested here in the case Λ cb (M) = 1, i.e. when M has the complete metric approximation property. We summarize below some known results in this direction. For part (7), recall that an action of a group Γ on a finite von Neumann algebra P is profinite if there exists an increasing sequence of Γ-invariant finite dimensional von Neumann subalgebras P n ⊂ P that generate P . Note that this implies P is AFD. If P = L ∞ (X) is abelian and Γ P comes from a measure preserving action Γ X, then the profiniteness of Γ P amounts to existence of a sequence of Γ-invariant finite partitions of X that generate the σ-algebra of measurable subsets of X.
Theorem 2.10.
(
Moreover, if N, M are factors and
The assertions (1), (2), (3) and (4) are respectively due to [CH] , [dCH, CH] , [GH] and [RX] . The rest are trivial. We will see in Corollary 3.3 that property (7) generalizes to compact actions of groups Γ, and even to actions of Γ that are "weakly compact", in the sense of Definition 3.1.
We prove in this paper a general property about normal amenable subgroups of groups with Λ cb -constant equal to 1. While this property is a consequence of Theorem 3.5 (via (3) ⇔ (4) in Proposition 3.2), we give here a direct proof in group-theoretic framework. To this end, note that if Λ ⊳ Γ is a normal subgroup then the semi-direct product group Λ ⋊ Γ acts on Λ by (a,
Proposition 2.11. Suppose that Γ has an infinite normal amenable subgroup
, Γ is co-amenable in Λ ⋊ Γ). In particular, Γ is inner-amenable. (See Section 5 for the definition of inner-amenability.)
Proof. Let f n be a net of finitely supported functions such that sup f n cb = 1 and f n → 1 pointwise. By the Bożejko-Fendler theorem (Theorem 6.4 in [Pi] ), there are Hilbert space vectors ξ n (a) and η n (b) of norm at most one such that
and similarly lim n sup b∈Γ η n (gb) − η n (b) = 0 for every g ∈ Γ. It follows that
. Since f n is finitely supported, ω n is ultraweakly continuous on L(Λ). We note that lim ω n (λ(a)) = 1 for all a ∈ Λ and
Since ω n ≤ 1 and lim ω n (1) = 1, we have lim ω n −|ω n | = 0. We
Then, the net (ζ n ) satisfies lim n λ(a)ζ n , ζ n = 1 for all a ∈ Λ and lim n ζ n − Ad(g)(ζ n ) 2 = 0 for all g ∈ Γ by (2.1). Therefore, the state ω on ℓ
is Λ ⋊ Γ-invariant. Since Λ is infinite, the Λ-invariant mean ω is singular, i.e, ζ n → 0 weakly. This implies inner-amenability of Γ.
Recall that the wreath product Λ ≀ Γ of Λ by Γ is defined as the semi-direct
Proof. Suppose that Λ cb (Λ ≀ Γ) = 1. Passing to a subgroup if necessary, we may assume that Λ is cyclic (amenable). We observe that the stabilizing subgroup {g ∈ Γ : σ g (a) = a} of any non-neutral element a ∈ Γ Λ is finite. It follows that there is a Γ-equivariant u.c.p. map from ℓ
It follows that there is no Γ-invariant mean on ( Γ Λ) \ {1} since Γ is non-amenable. Hence, any Γ-invariant mean on Γ Λ has to be concentrated on {1}. Such mean cannot be ( Γ Λ)-invariant.
Remark 2.13. Let Γ = (Z/2Z) ≀ F 2 . Since Λ cb is multiplicative ( [CH] ) and satisfies Λ cb (Γ) > 1 (by 2.11 above), the direct product Γ of infinitely many copies of Γ is not weakly amenable, i.e. Λ cb ( Γ) = ∞. It is plausible that Γ itself is not weakly amenable. De Cornulier-Stalder-Valette ( [CSV] ) recently proved the surprising result that, despite satisfying Λ cb (Γ) > 1, the group Γ (and hence Γ) has Haagerup's compact approximation property [Ha1] . Taken together, these results falsify one implication of the so-called Cowling's conjecture, which asserts that Haagerup's compact approximation property for a group Γ is equivalent to the condition Λ cb (Γ) = 1. But there are still no known examples of groups Γ which satisfy Λ cb (Γ) = 1 but fail Haagerup's compact approximation property.
Weakly compact actions
We introduce in this section a new property for group actions, weaker than compactness (thus weaker than profiniteness as well) and closely related to the complete metric approximation property of the corresponding crossed product algebras. The main result of this section will show that if a II 1 factor M has the c.m.a.p. then given any maximal abelian subalgebra A of M the action on A of its normalizer, N M (A), is weakly compact. Also, if a group Γ satisfies Λ(Γ) = 1 and Γ X is weakly compact, then M = L ∞ (X) ⋊ Γ has c.m.a.p.
Definition 3.1. Let σ be an action of a group Γ on a finite von Neumann algebra P . Recall that σ is called compact if σ(Γ) ⊂ Aut(P ) is pre-compact in the point-ultraweak topology. We call the action σ weakly compact if there exists a net (η n ) of unit vectors in L 2 (P⊗P ) + such that
(3) (x ⊗ 1)η n , η n = τ (x) = η n , (1 ⊗x)η n for every x ∈ P and every n. Here, we consider the action σ on P as the corresponding unitary representation on L 2 (P ). By the proof of Proposition 3.2, the condition (3) can be replaced with a formally weaker condition (3
Weak compactness is manifestly weaker than profiniteness, which is why in an initial version of this paper we called it weak profiniteness. We are very grateful to Adrian Ioana, who pointed out to us that the condition is even weaker than compactness (cf. (2) ⇒ (3) below) and suggested a change in terminology.
Proposition 3.2. Let σ be an action of a group Γ on a finite von Neumann algebra P and consider the following conditions.
(1) The action σ is profinite.
(2) The action σ is compact and the von Neumann algebra P is AFD.
(Note that, by a result of Høegh-Krohn-Landstad-Størmer ( [HLS] ), if in the above statement we restrict our attention to ergodic actions Γ P , then the condition that P is AFD in part (2) follows automatically from the assumption Γ P compact. We observe that weak compactness also implies that P is AFD by Connes's theorem ([Co2] ).)
Proof. We have (1) ⇒ (2), by the definitions. We prove (2) ⇒ (4). Since P is AFD, there is a net Φ n of normal u.c.p. maps from B(L 2 (P )) into P such that τ • (Φ n | P ) = τ and a − Φ n (a) 2 → 0 for all a ∈ P . Let G be the SOT-closure of σ(Γ) in the unitary group on L 2 (P ). By assumption, G is a compact group and has a normalized Haar measure m. We define a state ϕ n on B(L 2 (P )) by
It is clear that ϕ n is Ad(Γ)-invariant and ϕ n | P = τ . We will prove that the net ϕ n is approximately P -central. Let Φ n (x) = V * π(x)V be a Stinespring dilation. Then, for x ∈ B(L 2 (P )) and a ∈ P , one has
It follows that for every x ∈ B(L 2 (P )) and a ∈ P , one has
which converge to zero since {gag −1 : g ∈ G} is compact in L 2 (P ) and Φ n 's are contractive on L 2 (P ). Hence ϕ n is approximately P -central and ϕ = Lim n ϕ n satisfies the requirement.
We prove (3) ⇔ (4). Take a net η n satisfying the conditions (1), (2) and (3 ′ ) of Definition 3.1. We define a state ϕ on B(L 2 (P )) by ϕ = Lim n ϕ n with ϕ n (x) = (x ⊗ 1)η n , η n . Then, for any u ∈ U(P ) ∪ σ(Γ), one has
by the conditions (1) and (2) of Definition 3.1. That ϕ| P = τ follows from (3 ′ ). Conversely, suppose now that ϕ is given. We recall that B(L 2 (P )) is canonically identified with the dual Banach space of the space S 1 (L 2 (P )) of trace class operators. Take a net of positive elements T n ∈ S 1 (L 2 (P )) with Tr(
for a ∈ P , the net (b n ) converges to 1 weakly in L 1 (P ). Thus, by the Hahn-Banach separation theorem, one may assume, by passing to a convex combinations, that b n − 1 1 → 0. By a routine perturbation argument, we may assume further that b n = 1. For the reader's convenience we give an argument for this. Let h(t) = max{1, t} and k(t) = max{1 − t, 0} be functions on [0, ∞), and let c n = h(b n ) −1 . We note that 0 ≤ c n ≤ 1 and b n c n + k(b n ) = 1. We define T
, where P 0 is the orthogonal projection onto C 1. Then, one has
Hence, by replacing T n with T ′ n , we may assume that Tr(T n a) = τ (a) for a ∈ P . Since for every x ∈ B(L 2 (P )) and u ∈ U(P ) ∪ σ(Γ), one has
by applying the Hahn-Banach separation theorem again, one may furthermore assume that T n − Ad(u)(T n ) S 1 → 0 for every u ∈ U(P ) ∪ σ(Γ). Then by (2.1), the Hilbert-Schmidt operators T 1/2 n satisfy T 1/2 n − Ad(u)(T 1/2 n ) S 2 → 0 for every u ∈ U(P ) ∪ σ(Γ). Now, if we use the standard identification between S 2 (L 2 (P )) and L 2 (P⊗P ) given by
and view T 1/2 n as an element ζ n ∈ L 2 (P⊗P ), then we have (a ⊗ 1)ζ n , ζ n = τ (a) = ζ n , (1 ⊗ā)ζ n and ζ n − (u ⊗ū)ζ n 2 → 0 for every u ∈ U(P ) ∪ σ(Γ).
Therefore, the net of η n = (ζ n ζ * n ) 1/2 ∈ L 2 (P⊗P ) + verifies the conditions of weak compactness.
Finally, we prove (4) ⇔ (5). We consider P ⋊ Γ as the von Neumann subalgebra of B(L 2 (P )⊗ ℓ 2 (Γ)) generated by P⊗ C1 and (σ ⊗ λ)(Γ). This gives an identification between L 2 (P ⋊ Γ) and L 2 (P )⊗ ℓ 2 (Γ). Moreover, the basic
, since it is the commutant of the right L(Γ)-action (which is given by (1 ⊗ ρ)(Γ)). Now suppose that ϕ is given as in the condition (4).
is co-amenable in P ⋊ Γ. Conversely, ifφ is a (P ⋊ Γ)-central state such that ϕ| P ⋊Γ = τ , then the restriction ϕ ofφ to B(L 2 (P )) satisfies the condition (4).
Note that by part (7) in Theorem 2.10, if Λ(Γ) = 1 and Γ P is a profinite action then Λ(P ⋊ Γ) = 1. More generally we have the following. (Compare this with [Jol] .) Corollary 3.3. Let Γ be weakly amenable and Γ P be a weakly compact action on an AFD von Neumann algebra. Then, P ⋊ Γ has the completely bounded approximation property and Λ cb (P ⋊ Γ) = Λ cb (Γ).
Proof. By Proposition 3.2, L(Γ) is co-amenable in P ⋊ Γ. Hence, Theorem 4.9 of [AD] 
Proposition 3.4. Let P ⊂ M be an inclusion of finite von Neumann algebras such that P ′ ∩ M ⊂ P . Assume the normalizer N M (P ) contains a subgroup G such that its action on P is weakly compact and (P ∪ G)
P is weakly compact and p ∈ P(P ) then N pM p (pP p) pP p is weakly compact.
Proof. We may clearly assume N M (P ) ′′ = M. Denote by σ the action of N M (P ) on P . If u ∈ N M (P ), then by the conditions P ′ ∩ M = Z(P ) and (P ∪ G) ′′ = M it follows that there exists a partition {p i } i ⊂ Z(P ) and unitary elements
2 (P⊗ P ) + satisfy the conditions in Definition 3.1 for the action σ |G . By 3.1. (1) we have Σ i (p i ⊗ p i )η n − η n 2 → 0, and thus
(p i ) are mutually orthogonal as well, this also implies that for i = j we have
Combining with the condition 3.1.(2) on the action G P , one gets (
P satisfies 3.1.(2), thus being weakly compact.
To see that weak compactness behaves well to reduction by projections, note that any v ∈ N pM p (pP p) extends to a unitary in N M (P ). Thus, if ϕ satisfies the condition 3.2.(4) for N M (P ) P then ϕ p = ϕ(p · p) clearly satisfies the same condition for N pM p (pP p) pP p.
The above result shows in particular that if a measure preserving action of a countable group Γ on a probability space (X, µ) is weakly compact (i.e., Γ L ∞ (X) weakly compact), then the action of its associated full group [Γ], as defined in [D] , is weakly compact. Thus, weak compactness is an orbit equivalence invariant for group actions, unlike profiniteness and compactness which are of course not. In fact, by the last part of Proposition 3.4, it follows that weak compactness is a stably orbit equivalence (or measure equivalence) invariant as well.
An embedding of finite von Neumann algebras P ⊂ M is called weakly compact if the action N M (P ) P is weakly compact. The next result shows that the complete metric approximation property of a factor M imposes the weak compactness of all embeddings into M of AFD (in particular abelian) von Neumann algebras. For the proof, we need the following consequence of Connes's Theorem [Co2] . This is well-known, but we include a proof for the reader's convenience.
Lemma 3.6. Let M be a finite von Neumann algebra, P ⊂ M be an AFD von Neumann subalgebra and u ∈ N M (P ). Then, the von Neumann algebra Q generated by P and u is AFD.
Proof. Since P is injective, the τ -preserving conditional expectation E P from M onto P extends to a u.c.p. mapẼ P from B(L 2 (M)) onto P . We note that E P is a conditional expectation:Ẽ P (axb) = aẼ P (x)b for every a, b ∈ P and x ∈ B(L 2 (M)). We define a state σ on B(L 2 (M)) by
It is not hard to check that σ| M = τ , σ • Ad u = σ and σ • Ad v = σ for every v ∈ U(P ). It follows that σ is a Q-central state with σ| Q = τ . By Connes's theorem, this implies that Q is AFD.
Proof of Theorem 3.5. First we note the following general fact: Let ω be a state on a C * -algebra N and u ∈ U(N). We define ω u (x) = ω(xu * ) for x ∈ N. Then, one has
Indeed, one has ξ ω − u * ξ ω 2 = 2(1 − ℜω(u)) ≤ 2|1 − ω(u)|, where ξ ω is the GNS-vector for ω.
Let (φ n ) be a net of normal finite rank maps on M such that lim sup φ n cb ≤ 1 and x − φ n (x) 2 → 0 for all x ∈ M. We observe that the net (τ • φ n ) converges to τ weakly in M * . Hence by the Hahn-Banach separation theorem, one may assume, by passing to convex combinations, that τ − τ • φ n → 0. Let µ be the * -representation of the algebraic tensor product M ⊗M on L 2 (M) defined by
We define a linear functional µ n on M ⊗M by
Since φ n is normal and of finite rank, µ n extends to a normal linear functional on M⊗M , which is still denoted by µ n . For an AFD von Neumann subalgebra Q ⊂ M, we denote by µ Q n the restriction of µ n to Q⊗Q. Since Q is AFD, the * -representation µ is continuous with respect to the spatial tensor norm on Q⊗Q and hence µ Q n ≤ φ n cb . We denote ω Now, consider the case Q = P . Since µ
by (3.1) and (3.2). Now, let u ∈ N (P ) and consider the case Q = P, u , which is AFD by Lemma 3.6. Since µ
• Ad(u ⊗ū) = 0 by (3.1) and (3.2). But since (µ
by (3.2) and (3.4). Now, we view ω P n as an ζ n element in L 1 (P⊗P ) + and let η n = ζ 1/2 n . By (2.1), the net η n satisfies all the required conditions.
Main Results
We prove in this section the main results of the paper. They will all follow from the following stronger version of the Theorem stated in the introduction:
Theorem 4.1. Let Γ = F r(1) ×· · ·×F r(k) be a direct product of finitely many free groups of rank 2 ≤ r(j) ≤ ∞ and denote by Γ j the kernel of the projection from Γ onto F r(j) . Let M = Q⋊Γ be the crossed product of a finite von Neumann algebra Q by Γ (action need not be ergodic nor free). Let P ⊂ M be such that P M Q. Let G ⊂ N M (P ) be a subgroup which acts weakly compactly on P by conjugation,
¿From the above result, we will easily deduce several (in)decomposability properties for certain factors constructed out of free groups and their profinite actions. Note that Corollaries 4.2 and 4.3 below are just Corollaries 1 and 2 in the introduction, while Corollary 4.5 is a generalization of Corollary 3 therein.
t is a diffuse AFD von Neumann subalgebra of the amplification by some t > 0 of a free group factor L(F r ), 2 ≤ r ≤ ∞, then N L(Fr) (P )
′′ is AFD.
Note that the above corollary generalizes the in-decomposability results for free group factors in [Oz2] and [Vo] . Indeed, Voiculescu's celebrated result in [Vo] , showing that the normalizer of any amenable diffuse subalgebra P ⊂ L(F r ) cannot generate all L(F r ), follows from 4.2 because L(F r ) is non-AFD by [MvN] . Also, since any unitary element commuting with a subalgebra P ⊂ N lies in the normalizer of P , 4.2 shows in particular that the commutant of any diffuse AFD subalgebra P ⊂ N = L(F r ) is amenable, i.e. L(F r ) is solid in the sense of [Oz2] , which amounts to the free group case of a result in [Oz2] . Note however that the in-decomposability results in [Vo] and [Oz2] cover much larger classes of factors, e.g. all free products of diffuse von Neumann algebras in [Vo] (for absence of Cartan subalgebras) and all II 1 factors arising from word-hyperbolic groups in [Oz2] (for solidity).
Calling strongly solid (or s-solid) the factors satisfying the property that the normalizer of any diffuse amenable subalgebra generates an amenable von Neumann algebra, one can at this point speculate that any c.m.a.p. s-solid factor may in fact follow isomorphic to an amplification of a free group factor (i.e., to an interpolated free group factor [Dy] , [Rȃ] ).
Corollary 4.3. If Q is a type II 1 -factor with c.m.a.p., then Q⊗ L(F r ) does not have Cartan subalgebras. Moreover, if M ⊂ Q⊗ L(F r ) is a subfactor of finite index, then M does not have Cartan subalgebras either.
This corollary shows in particular that if Q is an arbitrary subfactor of a tensor product of free group factors, then Q⊗ L(F r ) (or any of its finite index subfactors) has no Cartan subalgebras. When applied to Q = R, this shows that the subfactor M ⊂ R⊗ L(F r ) with M ≃ M op constructed in [Co1] , as the fixed point algebra of an appropriate free action of a finite group on R⊗ L(F r ) (which thus has finite index in R⊗ L(F r )), does not have Cartan subalgebras.
Another class of factors without Cartan subalgebras is provided by part (2) of the next corollary. X an ergodic probability-measure-preserving action. Then M = L ∞ (X) ⋊ Γ is a II 1 factor and for each t > 0 we have:
(1) Assume M t has a maximal abelian
′′ is a subfactor of finite index in M t . Note that one can view part (1) of the above corollary as a strong rigidity result, in the spirit of results in ([Po3] , [Po4] , [IPP] ). Indeed, by taking A = L ∞ (Y ) to be Cartan in M t , it follows that any isomorphism between group measure space II 1 factors θ :
Then Γ X is necessarily a free action, L ∞ (X) is Cartan in M and there exists a unitary element
with the "source" Γ a direct product of finitely many free groups and the "target" Λ arbitrary but the action Λ Y weakly compact (e.g. profinite, or compact), is implemented by a stable orbit equivalence of the free ergodic actions Γ X, Λ Y , up to perturbation by an inner automorphism and by an automorphism coming from a 1-cocycle of the target action. The above corollary implies that any isomorphism between factors M ∈ F P comes from an isomorphism of the orbit equivalence relations R M associated with their unique Cartan decomposition. Hence, like in the case of the class HT of factors in [Po3] , invariants of equivalence relations, such as Gaboriau's cost and L 2 -Betti numbers ( [Ga] ), are isomorphism invariants of II 1 factors in F P. Note that all factors in the class F P have Λ cb -constant equal to 1 by Theorem 2.10 and have Haagerup's compact approximation property by [Ha1] .
The sub-class of II 1 factors L ∞ (X) ⋊ F r ∈ F P, arising from free ergodic profinite probability-measure-preserving actions of free groups F r X, is of particular interest, as they are inductive limits of (amplifications of) free group factors. We call such a factor L ∞ (X) ⋊ F r an approximate free group factor of rank r. By Corollary 4.5, more than being in the class F T , such a factor has the property that any maximal abelian * -subalgebra with normalizer generating a von Neumann algebra with no amenable summand is unitary conjugate to L ∞ (X). When combined with [Ga] , we see that approximate free group factors of different rank are not isomorphic and that for r < ∞ they have trivial fundamental group. Also, they are prime by [Oz3] , in fact by 4.1 the normalizer (in particular the commutant) of any AFD II 1 subalgebra of such a factor must generate an AFD von Neumann algebra. We will construct uncountably many approximate free group factors in Section 5 and comment more on this class in Remark 5.6.
For the proof of Theorem 4.1, recall from [Po2, Po5] the construction of 1-parameter automorphisms α t ("malleable deformation") of L(F r * F r ). Let F r be a copy of F r and a 1 , a 2 , . . . (resp. b 1 , b 2 , . . .) be the standard generators of F r (resp. F r ) viewed as unitary elements in L(F r * F r ). Let h s = (π √ −1) −1 log b s , where log is the principal branch of the complex logarithm so that h s is a selfadjoint element with spectrum contained in [−1, 1]. For simplicity, we write b t s (s = 1, 2, . . . and t ∈ R) for the unitary element exp(tπ √ −1h s ). The * -automorphism α t is defined by α t (a s ) = b t s a s and α t (b s ) = b s . In this paper, we adapt this construction to Γ = F r(1) × · · · × F r(k) acting on Q and M = Q ⋊ Γ. We extend the action Γ Q to that of
where F r(j) 's act trivially on Q. We denote by a j,1 , a j,2 , . . . (resp. b j,1 , b j,2 , . . .) the standard generators of F r(j) (resp. F r(j) ) We redefine the * -homomorphism
by α t (x) = x for x ∈ Q and α t (a j,s ) = b t j,s a j,s for each 1 ≤ j ≤ k and s. (We can define α t on M , but we do not need it.) Let F r(j) ) be the Haagerup multiplier ([Ha1] ) associated with the positive type function g → γ(t) |g| on F r(j) . We may extend
to M by defining φ γ(t) (xλ(g)) = xφ γ(t) (λ(g)) for x ∈ Q and λ(g) ∈ L(Γ). We relate α t and φ γ(t) as follows (cf. [Pe] ).
Since all E L(Γ) , α t and φ γ(t) split as tensor products, we may assume that k = 1. Since a 1 , . . . , b 1 , . . . are mutually free, it is not hard to check
In particular, the u.c.p. map E M • α t on M is compact over Q provided that r(j) < ∞ for every j. In case of r(j) = ∞, we need a little modification: we replace the defining equation α t (a j,s ) = b t j,s a j,s with α t (a j,s ) = b st j,s a j,s . Then, the u.c.p. map E M • α t is compact over Q and α t → id M as t → 0.
Let Γ j be the kernel of the projection from Γ onto F r(j) and Q j = Q⋊Γ j ⊂ M. We consider the basic construction M, e Q j of (Q j ⊂ M). Then, L 2 M, e Q j is naturally an M-bimodule.
Proof. Let Γ j be the kernel of the projection from Γ onto F r(j) * F r(j) . By permuting the position appropriately, we consider that Γ j × F r(j) ⊂ Γ and
where the square bracket means the L 2 -closure and the direct sum runs all over d ∈ F r(j) * F r(j) whose initial and final letters in the reduced form come from F r(j) . Let π j : F r(j) * F r(j) → F r(j) be the projection sending F r(j) to {1}. It is not difficult to see that
We summarize the above two lemmas as follows.
Proposition 4.8. Let Q ⊂ Q j ⊂ M be as above. Then, there are a finite von Neumann algebra M ⊃ M and trace-preserving * -homomorphisms
We complete the proof of Theorem 4.1 in this abstract setting.
Theorem 4.9. Let Q ⊂ Q j ⊂ M be as in Proposition 4.8. Let P ⊂ M be such that P M Q. Let G ⊂ N M (P ) be subgroup which acts weakly compactly on P by conjugation, and
Proof. We may assume that U(P ) ⊂ G. We use Corollary 2.3 to conclude the relative amenability. Let a non-zero projection p in Z(N ′ ∩ M), a finite subset F ⊂ G and ε > 0 be given arbitrary. It suffices to find ξ ∈ k j=1 L 2 N, e Q j such that xξ 2 ≤ x 2 for all x ∈ N, pξ 2 ≥ p 2 /8 and [ξ, u] 2 2 < ε for every u ∈ F . Let δ = p 2 /8. We choose and fix t > 0 such that α = α t satisfies p − α(p) 2 < δ and u − α(u) 2 < ε/6 for every u ∈ F . We still denote by α when it is viewed as an isometry from L 2 (M) into L 2 ( M ). Let (η n ) be the net of unit vectors in L 2 (P⊗P ) + as in Definition 3.1 and denote
We note that
for every x ∈ M. In particular, one has
for every u ∈ F and large enough n ∈ N. We denote ζ n = (e M ⊗ 1)( η n ) and ζ
for every u ∈ F and large enough n ∈ N. We claim that
Suppose this is not the case. Then, for any v ∈ U(P ), one has
is compact over Q, this implies P M Q by Theorem 2.7, contradicting the assumption. Thus by (4.3) and (4.4), there exists n ∈ N such that
. By Proposition 4.8, we may view ζ as a vector
. Then, the inequality (4.6) implies
and for all x ∈ N. In particular,
Finally, by (2.1), one has
Before proving the corollaries to Theorem 4.1, we mention one more result in the spirit of 4.1. Its proof is similar to the above, but requires more involved technique from [IPP] .
Theorem 4.10. Let M = M 1 * M 2 be the free product of finite von Neumann algebras and P ⊂ M be a von Neumann subalgebra such that P M M i for i = 1, 2. If the action of G ⊂ N N (P ) on P is weakly compact, then G ′′ is AFD.
Proof. We follow the proof of Theorem 4.1, but use instead the deformation α t given in Lemma 2.2.2 in [IPP] . Let a non-zero projection p in the center of Z(Γ ′ ∩ M), a finite subset F ⊂ G and ε > 0 be given arbitrary. Since P M M i for i = 1, 2, one has
by Proposition 3.4 and Theorem 4.3 in [IPP] . (N.B. This is because Proposition 3.4 is the only part where the rigidity assumption in Theorem 4.3 of that paper is being used.) Hence, if we choose δ > 0 small enough and t > 0 accordingly, then one obtains as in the proof of Theorem 4.1 that
Proof of Corollary 4.2. This is a trivial consequence of Theorems 3.5 and 4.1.
Proof of Corollary 4.3. Suppose there is a Cartan subalgebra
is a subfactor of finite index. Since F r is non-amenable, N is not amenable relative to Q, so by Proposition 2.3, M is not amenable relative to Q inside N. Hence, by Theorems 3.5 and 4.1, one has A N Q. By Theorem 2.4, this implies there exist projections p ∈ A ′ ∩ N, q ∈ Q, an abelian von Neumann subalgebra A 0 ⊂ qQq and a non-zero partial isometry v ∈ N such that p 0 = vv
′ ∩ N, by "shrinking" q if necessary we may clearly assume
v by spatiality and since M ⊂ N has finite index, A ⊂ A ′ ∩ N has finite index as well (in the sense of [PP] ) so A ′ ∩ N is type I, implying (A 0 q 0 ) ′ ∩ q 0 Nq 0 type I, and thus (A 0 q)
For the proof of Corollary 4.4, we'll need the following general observation.
Lemma 4.11. Let Γ be an ICC group and Γ X an ergodic measure-preserving
is maximal abelian (thus Cartan) in M if and only if there is a maximal abelian
Proof. The first part is well known, its proof being identical to the Murray-von Neumann classical argument in [MvN] , showing that if a group Γ is ICC then its group von Neumann algebra L(Γ) is a factor. For the second part, denote B = L ∞ (X) and let A ⊂ M be maximal abelian satisfying A M B. Then there exists a non-zero partial isometry v ∈ M, projections p ∈ A = A ′ ∩ M, q ∈ B and a unital isomorphism θ of Ap onto a unital subalgebra B 0 of Bq
′ ∩qMq is a subalgebra of B ′ 0 ∩pMp, it follows that B ′ ∩M has a type I summand. Since Γ acts ergodically on Z(B ′ ∩ M) ⊃ B (or else M wouldn't be a factor), the algebra B ′ ∩ M is homogeneous of type I n , for some n < ∞.
Note at this point that since all maximal abelian subalgebras of the type I summand of B ′ 0 ∩ qMq containing q ′ are unitary conjugate (cf. [K] ), we may assume q ′ is in a maximal abelian algebra containing Bq. Thus, if Z denotes the center of x ∈ (B ′ ∩M)\B, and x = Σ g a g u g is its Fourier series, with a g = 0 for some g = e, then p g u g ∈ B ′ ∩ M, where p g denotes the support projection of a g . Now, since Γ is ICC there exist infinitely many h n ∈ Γ such that g n = h n gh −1 n are distinct. This shows that all σ hn (p g )u gn ⊂ B ′ ∩ M are mutually orthogonal relative to B. By [PP] , this contradicts the finiteness of the index of B ⊂ B ′ ∩ M. Thus, we must have B ′ ∩ M = B, showing that Γ X is free and B = L ∞ (X) is maximal abelian, hence Cartan.
Proof of Corollary 4.4. The factoriality of M was shown in 4.11 above.
To prove part (1), note that N M t (A) A weakly compact implies N M (A 1/t ) A 1/t weakly compact, where A 1/t ⊂ M 1/t is the semiregular maximal abelian * -subalgebra obtained by amplifying A ⊂ M by 1/t. Since weak compactness behaves well to amplifications (see comments after the proof of 3.4), this shows that it is sufficient to prove the case t = 1. Let Γ j be as in 4.1. If
But this implies F r(j) amenable, a contradiction. Thus, by Theorem 4.1 we have A L ∞ (X) and the statement follows from Lemma 4.11.
Part (2) follows trivially from part (1), since Γ X compact implies M has c.m.a.p., by 3.2.
Arguing as in the proof of (1), we see that to prove (3) it is sufficient to settle the case t = 1. If N ⋖ M L ∞ (X), then N would follow amenable. Thus, by 4.1 we have A L ∞ (X) and Lemma 4.11 above applies again.
The proof of Corollary 4.5 will follow readily from the next general "principle". Proof. For the proof, we call an abelian von Neumann subalgebra B of a II 1 factor P virtually Cartan if it is maximal abelian and Q = N P (B)
′′ has finite dimensional center with [qP q : Qq] < ∞ for any atom q ∈ Z(Q). We first prove that if P ⊂ N is an inclusion of factors with finite index and B ⊂ P is virtually Cartan in P then any maximal abelian * -subalgebra A of B ′ ∩ N is virtually Cartan in N.
To see this, note that that, by commuting squares, the index of B ⊂ B ′ ∩ N (in the sense of [PP] ) is majorized by [N : P ] < ∞, implying that B ′ ∩ N is a direct sum of finitely many homogeneous type I n i von Neumann algebras B i , with 1 ≤ n 1 < n 2 < ... < n k < ∞. Since any two maximal abelian * -subalgebras of a finite type I von Neumann algebra are unitary conjugate and N P (B) leaves B ′ ∩ N globally invariant, it follows that given any u ∈ N P (B), Let A ⊂ M be a Cartan subalgebra of M. Let P ⊂ N be such that N ⊂ M is the basic construction of P ⊂ N (cf [Jo] ). Thus P is isomorphic to an amplification of M and so it has a Cartan subalgebra A 2 ⊂ P . By the first part of the statement any maximal abelian subalgebra A 1 of A ′ 2 ∩N is virtually Cartan in N. Applying again the first part, any maximal abelian A 0 of A ′ 1 ∩M is virtually Cartan in M, so it is unitary conjugate to A. Thus,
, for some partial isometries u n ∈ M normalizing A 0 . Since A 0 is a finitely generated A 1 -module, it follows that each u n L 2 (A 0 ) is finitely generated both as left and as right A 1 module, i.e. there exist finitely many
. Thus, if we denote by H n the closure of the range of the projection of
, then H n is a Hilbert A 1 -bimodule generated as left Hilbert A 1 -module by η i ∈ L 2 (N) and as a right
. Thus, by Section 1.4 in [Po3] , A 1 is Cartan in N. Note that the above argument shows that N has Cartan subalgebra, but also that any virtually Cartan subalgebra of N is in fact Cartan. If now B 1 ⊂ N is another Cartan subalgebra of N, then let B 0 be a maximal abelian subalgebra of B 
But then exactly the same argument as above shows that L 2 (N) is spanned by Hilbert B 1 − A 1 bimodules H n which are finitely generated both as right A 1 Hilbert modules and as left Hilbert B 1 modules. By Section 1.4 in [Po3] , it follows that A 1 , B 1 are unitary conjugate. A is weakly compact. Since F r(j) are all non-amenable,
, proving the first part of the statement. The rest is a consequence of Proposition 4.12.
Uncountably many approximate free group factors
In this section we prove that there are uncountably many approximate free group factors of any rank 2 ≤ n ≤ ∞. We do this by using a "separability argument," in the spirit of [Po1, JP, Oz1] . The proof is independent of the previous sections. The result shows in particular the existence of uncountably many orbit inequivalent profinite actions of F n . The fact that F n has uncountably many orbit inequivalent actions was first shown in [GP] . A concrete family of orbit inequivalent actions of F n was recently obtained in [Io1] . Note that the actions F n X in [GP] and [Io1] are not orbit equivalent to profinite actions (because they have quotients that are free and have relative property (T) in the sense of [Po3] ).
Definition 5.1. We say a unitary representation (π, H) of Γ has (resp. essential) spectral gap if there is a finite subset F of Γ and ε > 0 such that the self-adjoint operator
has (resp. essential) spectrum contained in [−1, 1 − ε]. We say such (F, ε) witnesses (resp. essential) spectral gap of (π, H).
It is well-known that (π, H) has spectral gap if and only if it does not contain approximate invariant vectors.
Definition 5.2. Let Γ be a group. We say Γ is inner-amenable ( [Ef] ) if the conjugation action of Γ on ℓ 2 (Γ \ {1}) does not have spectral gap. Let {Γ n } be a family of finite index (normal) subgroups of Γ. We say Γ has the property (τ ) with respect to {Γ n } if the unitary Γ-representation on
Let I be a family of decreasing sequences 
Let I be a family of infinite subsets of prime numbers such that |i ∩ j| < ∞ for any i, j ∈ I with i = j. (We note that there exists such an uncountable family I.) Associate each i = {p 1 < p 2 < · · · } ∈ I with the decreasing sequence of finite index normal subgroups Γ
Proof. First, we note that Γ m ∩ Γ n = Γ gcd(m,n) . By the celebrated results of Kazhdan for d ≥ 3 (see [BHV] ) and Selberg for d = 2 (see [Lu] ) the group Γ has the property (τ ) with respect to the family {Γ n : n ∈ N}. We observe that the index [Γ :
n ] is the cardinality of Γ-orbits of (Γ/Γ
for any mutually distinct primes p 1 , . . . , p l , one has a group isomorphism
n ] : m, n ∈ N} < ∞ follows from the fact that |i ∩ j| < ∞.
For example, we can take Γ ≤ SL(2, Z) to be ( 1 2 0 1 ) , ( 1 0 2 1 ) ∼ = F 2 . By [Sh] , one may relax the assumption that "Γ ≤ SL(d, Z) has finite index" to "Γ ≤ SL(d, Z) is co-amenable," so that one can take Γ to be isomorphic to F ∞ .
Let S = (Γ n ) ∞ n=1 be a decreasing sequence of finite index subgroups of a group Γ. We write X S = lim ← − Γ/Γ n for the projective limit of the finite probability space Γ/Γ n with uniform measures. We note that This condition clearly holds if all Γ n are normal and Γ n = {1}. We denote
as a Γ-space, the action Γ A S is strongly ergodic if Γ has the property (τ ) with respect to S. Proof. That all M i are full follows from [Ch] . Take a finite subset F of Γ and ε > 0 such that (F, ε) witnesses spectral gap for both non-inner-amenability and the property (τ ) with respect to {Γ
n }. We write λ i (g) for the unitary element in M i that implements the action of g ∈ Γ.
We claim that if i = j, then (F, ε) witnesses essential spectral gap of the unitary Γ-representation Ad(
We note that the unitary Γ-representation on
. Hence if we show that the subspace of Γ-invariant vectors in L 2 (A i⊗ A j ) is finite-dimensional, then we can conclude by the property (τ ) that (F, ε) witnesses essential spectral gap. Suppose
The same thing is true for j. It follows that ξ is in the Γ 2 . Since this number stays bounded as n tends to ∞, we are done. Second, we deal with the Ad(λ i ⊗ λ j )(Γ)-invariant subspace
where Γ acts on the right hand side Hilbert space (which will be denoted by H) as Ad(λ(g) ⊗ λ i (g) ⊗ λ j (g)). For every vector ξ ∈ H, we write it as (ξ g ) g∈Γ\{1} with ξ g ∈ L 2 (A i )⊗ L 2 (M j ) and define |ξ| ∈ ℓ 2 (Γ \ {1}) by |ξ|(g) = ξ g . It follows that ℜ Ad(λ(g) ⊗ λ i (g) ⊗ λ j (g))ξ, ξ = ℜ h∈Γ\{1} Ad(λ i (g) ⊗ λ j (g))ξ h , ξ ghg −1 ≤ h∈Γ\{1} ξ h ξ ghg −1 = Ad λ(g)|ξ|, |ξ| for every g ∈ Γ and ξ ∈ H. Since (F, ε) witnesses spectral gap of the conjugation action on ℓ 2 (Γ \ {1}), it also witnesses spectral gap of the Γ-action on H. Similarly, (F, ε) witnesses spectral gap of
Since the Hilbert spaces (5.2-5.4) cover L 2 (M i⊗ M j ), we conclude that (F, ε) witnesses essential spectral gap of the Γ-action Ad(λ i ⊗ λ j ). This argument is inspired by [Ch] .
We claim that for any i ∈ I and any unitary element u(g) ∈ M i with λ i (g) − u(g) 2 < ε/4, the essential spectrum of the self-adjoint operator
on L 2 (M i⊗ M i ) intersects with [1−ε/2, 1]. We fix i ∈ I and define for every n ∈ N the projection χ n ∈ M i⊗ M i by χ n = e k ⊗e k , where {e k } is the set of non-zero minimal projections in A i,n ∼ = ℓ ∞ (Γ/Γ (i) n ). We normalize ξ n = [Γ : Γ
n ] 1/2 χ n so that ξ n 2 = 1. Then, it is not hard to see Ad(λ i (g) ⊗ λ i (g))ξ n = ξ n for all g ∈ Γ, and (1 ⊗ a)ξ n 2 2 = a 2 2 = ξ n (1 ⊗ a) 2 2 for all a ∈ M i . It follows that
Since ξ n → 0 weakly as n → ∞, the claim follows (cf. [Io2] ). ¿From the above claims, we know that if i = j, then there is no * -isomorphism θ from M i onto M j such that θ(λ i (g)) − λ j (g) 2 < ε/4 for all g ∈ F . Now, if the isomorphism classes of {M i : i ∈ I} were countable, then there would be M 0 and an uncountable subfamily I 0 ⊂ I such that M i ∼ = M 0 for all i ∈ I 0 . Take an * -isomorphism θ i : M i → M 0 for every i ∈ I 0 . Since M F 0 is separable in · 2 -norm, there has to be i, j ∈ I 0 with i = j such that max g∈F θ i (λ i (g)) − θ j (λ j (g)) 2 < ε/4, in contradiction to the above.
When combined with Lemma 5.3, Theorem 5.4 shows in particular that any arithmetic property (T) group has uncountably many orbit inequivalent free ergodic profinite actions, thus recovering a result in [Io2] . However, [Io2] provides a "concrete" family (consequence of a cocycle superrigidity result for profinite actions of Kazhdan groups) rather than an "existence" result, as 5.4 does. But the consequence of 5.4, 5.3 that's relevant here is the following:
Corollary 5.5. For each 2 ≤ r ≤ ∞, there exist uncountably many nonisomorphic approximate free group factors of rank r. In particular, there exist uncountably many orbit inequivalent free ergodic profinite actions of F r .
Remark 5.6. Note that if 2 ≤ r ≤ ∞ and S = (Γ n ) is a decreasing sequence of finite index subgroups of the free group F r satisfying the condition (5.1), then the associated free group factor of rank r is the inductive limit of A S,n ⋊ F r ∼ = B(ℓ 2 (F r /Γ n ))⊗L(Γ n ), which is isomorphic to L(F 1+(r−1)/[Γ:Γn] ), by Schreier's and Voiculescu's formulae ( [VDN] ). Since 1 + (r − 1)/[Γ : Γ n ] → 1, this justifies the notation L(F r,S 1 ) for the approximate free group factor L ∞ (X S )⋊F r . The factors L(F * 1 ) can be viewed as complementing the one parameter family of free group factors L(F 1+t ), 0 < t ≤ ∞, in [Dy, Rȃ] .
As mentioned in Section 4, all L(F r,S 1 ) have Haagerup's compact approximation property (by [Ha1] ), the complete metric approximation property (by 2.10) and unique Cartan subalgebra, up to unitary conjugacy (by 4.5). Also, by [Oz3] , the commutant of any hyperfinite subfactor of L(F r,S 1 ) must be an amenable von Neumann algebra, in particular L(F r,S 1 ) is prime, i.e. it cannot be written as a tensor product of two II 1 factors. By [Po3] , since the factors L(F r,S 1 ) have Haagerup property they cannot contain factors M which have a diffuse subalgebra with the relative property (T). In particular, the HT -factors considered in [Po3] ) cannot be embedded into approximate free group factors. Same for the factors arising from Bernoulli actions of "w-rigid" groups in [Po2] .
Corollary 4.5 combined with [Ga] shows that approximate free group factors of different rank are non-isomorphic, L(F r,S 1 ) ≃ L(F s,S 1 ), ∀2 ≤ r = s ≤ ∞, and have trivial Murray-von Neumann fundamental group [MvN] when the rank is finite, F (L(F s,S 1 )) = {1}, ∀2 ≤ r < ∞. (Recall from [MvN] that if M is a II 1 factor then its fundamental group is defined by F (M) = {t > 0 | M t ≃ M}.) The first examples of factors with trivial fundamental group were constructed in [Po3] , were it is shown that F (L ∞ (T 2 ) ⋊ F r ) = {1}, for any finite r ≥ 2, the action of F r on T 2 being inherited from the natural action SL(2, Z) T 2 =Ẑ 2 , for some embedding F r ⊂ SL(2, Z).
One can show that amplifications of approximate free group factors are related by the formula L(F ), with r ′ = t −1 (r − 1) + 1, whenever t −1 is an integer dividing the index of some [Γ : Γ n ] in the decreasing sequence of groups S = (Γ n ), with S ′ appropriately derived from S. It is not clear however if this is still the case for other values of t for which t −1 (r − 1) + 1 is still an integer. Finally, note that L(F r,S 1 ) is non-Γ if and only if the action Γ X S has spectral gap. Indeed, since the acting group is F r , any asymptotically central
1 ) is non-Γ if and only if F r X S is strongly ergodic, which by [AE] is equivalent to F r X S having spectral gap. For each 2 ≤ r ≤ ∞, one can easily produce sequences of subgroups S = (Γ n ) such that F r X S does not have spectral gap, thus giving factors L(F r,S 1 ) with property Γ. On the other hand, as mentioned before, if F r is embedded with finite index in SL(2, Z) (or merely embedded "co-amenably," see [Sh] ) and S = (Γ n ) is given by congruence subgroups, then F r X S has spectral gap by Selberg's theorem. Thus, the corresponding approximate free group factors L(F 
